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Abstract We aeek to explain the large T = 0 intercept of the n o m d - s w  NMR relaxation rate 
of Cu nuclei in cuprate superconductors by T = 0 local quantum fluctuations in the S = f 
Heisenberg model. Good quantitative agRement is obtained at both low and high T with 
published experimental results. 

1. Introduction 

The unusual magnetic properties of the qwi-2D oxide HTSCS have generated renewed 
interest in the spin dynamics of the S = 1 Heisenberg antiferromagnets (HAFMS). Among 
other things, NMR, which is a powerful probe of the local spin dynamics, has demonstrated 
these unusual properties [I]. Generically, the oxide HTSCS show the following behaviour of 
11 TI for the planar Cu nuclei. 

( I )  T;' = a  + hT over a wide range (T' < T e 700 K) [21. 
(2) A slight deviation from linear behaviour occurs above T,, and the Hebel-Slichter 

coherence peak is absent [3]. 
(3) The relaxation rates are larger by a factor of more than IO than those for the usual 

metals as well as those from band theory estimates. 

There have been suggestions conceming the T = 0 intercept [4,5]. To our knowledge, 
the only microscopic explanation has been that given by Baskam and Sardar [6], 
who invoke the mechanism of spinon pair emission in a ' 2 ~  Luttinger liquid'. The 
existing theories are either microscopic or phenomenological Fermi-liquid theories [7] or 
phenomenological marginal Fermi-liquid theories [SI and RVB theories [4]. 

Our aim is to show that local single-site quantum fluctuations provide an altemative 
mechanism for relaxing the nuclear spin at T = 0. Apart from [6,8], other theories have 
not succeeded in providing a satisfactory explanation of a. We emphasize that it is necessary 
to treat local spin fluctuations adequately when one is concerned with such local probes as 
NMR, as the NMR T;' is related to the transverse spin-spin correlation function at the same 
site 191. Another way of looking at the problem is to note that 

where x(q,o) is the transverse dynamical susceptibility. Hence T;' is determined by 
contributions from all q up to the Brillouin zone bounw.  It is easy to see why spin- 
wave-like theories fail to yield the constant a part of T;'; they do not treat the large-q part 
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properly. (At large q. the spin-wave damping is appreciable, and so long-lived spin waves 
are unstable.) 

Approaches based on the Holstein-Primakoff SWT are beset with more basic problems; 
they are good approximations in the limit S >> 1 and certainly should be used with 
reservations for S = f. However, as long as one deals with observables such as sublattice 
magnetization, etc. these approaches give good answers, but the inclusion of local constraints 
on boson occupation leads to drastically different results. 

2. Calculation of the ‘spin-wave density of states’ 

We shall focus on the local spin fluctuations; we work with the S = HAFM, with the 
inclusion of transverse anisotropy in the Hamiltonian for brevity. This enables us to reduce 
the cuoz plane to a U) s = f HAFM, at least as long as we concern ourselves with spin 
fluctuations. The basic process of nuclear relaxation arises from the usual hyperfine coupling 
of the nuclear and the electronic spins. It is easy to see (cf equation (1)) that a finite T;’ 
at T = 0 implies a finite density of states (WS) for the spin excitations as the excitation 
energy goes to zero: this provides the channel for the nuclear spin to relax at T = 0. 

The above is therefore closely linked to the local spin dynamics of the S = HAFM as 
the anisotropy is varied; we start with the S = 4 X X Z  model: 

where the sum is over nearest neighbours (NNS) in this paper. 
As is known, at 01 = 0, the Nee1 states are the exact eigenstates. The XY part of 

the model plays an increasingly important part as LY is raised; owing to spin-flip terms in 
equation (2).  there are now many ‘wrongly oriented’ spins at the ‘wrong’ sites. We could 
equivalently say that the spin degrees of freedom are itinerant as 01 is raised, Thus, we 
are interested in the local dynamics of a spin situated in a background of spins fluctuating 
quantum-mechanically. Physically, with a low doping level, antifemmagnetic correlations 
are short-ranged at any non-zero T in two dimensions, with no magnetic order. and a single- 
site theory could be expected to provide a good description of the local dynamics. We start 
with the representation [IO] 

where the b anticommute at the same site but commute at different sites; this means that 
there is a hard-core constraint on the occupation of more than one b at a site. This constraint 
is enforced by adding a Lagrange multiplier p, which plays the role of a chemical potential. 
The Hamiltonian is now written as 

We remark at this juncture that, as far as the single-site dynamics are concerned, we 
can treat the b as fermions. We use the alloy analogy approach (AAA) together with the best 
single-site theory, the CPA [ I  I], to study local spin dynamics. We consider the situation 
where the ‘ b  fermion’ hops onto site i when the z NNs are empty, or occupied by b fermions, 
with respective probabilities x = 1 - nb and y = nb due to the quantum fluctuations of the 
background spins. The problem is reminiscent of the problem of the Anderson impurity, 
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i.e. a single impurity self-consistently embedded in an effective medium; self-consistency is 
achieved by demanding that (n;) calculated self-consistently for the ‘impurity’ be set equal 
to nb defined above. 

Within the AAA, the probabilities x and y represent the alloy concentrations, while the 
site energies of the alloy (composed of empty sites or sites occupied by b fermions: this 
corresponds to sites occupied by down or up spins in the original problem) are 

& b - -  1 -  Ir. &; = - p + z J .  (5) 
The unperturbed propagator is 

cib(q, o) = (o - eq + iq)-’. 

We choose the unperturbed WS to be a Lorentzian with half-width Ab [12]. (We have 
checked separately for a bounded Dos and, so long as the gap is zero, our results are more 
or less unaffected. This occurs for (Y < 1.) 

The unperturbed local propagator is given by 

Gib(@) = / po(e)Cib(&, o) d& = (U+ iA)-’. (7) 

The perturbed propagator is calculated from Dyson’s equation 

G ” ( W )  [W - x b ( 0 )  +iAb]-l 

where E h @ )  is the multiple-scattered self-energy calculated from Soven’s equation [ I  11 

&yo) = Eb - [E: - E~(o)lzrrcbb(o)r&,b - P ( W ) 1  

E’(@) = t J n h  + (aJ)*nb(l  - n b ) / [ o  - zJ(1-  nb) +&I. 

G b b ( W )  = @I)-’[( 1 - n b ) / ( o  + iAb) + d / (o  - ZJ 4- &)I. 

(9) 

(10) 

(11) 

where Eh = z J n b .  Substituting equations (5 )  and (8) in (9) yields the self-energy: 

The spin-spin Green function is now given by 

The ws of the spin-wave excitations is 

psw(w) = (Ab/2nz)[(l - n b ) / ( 0 2  + Ai) + n b / ( o  - ZJ)’ +Ail .  (12) 
The number density is easily calculated by integrating this equation up to the chemical 
potential p, and the magnetization is then easily calculated to be 

(Sf) = (I/2~*)Po[WQoW‘I (13d 

Q o [ W  = I + (I/X)I~-’OL/&) - m - ’ [ ( p  - ZJ)/A&. (134  
We choose p = $ z J ,  so that (Sf) = 0; we work with this throughout. A comment on 
equation (12) is in order here. The DOS is never zero in the region between the two spin- 
split ‘bands’; this difficulty is not severe and can be taken care of by simply replacing the 
unperturbed Dos by a ‘bell-shaped‘ DOS. We have done this, and we find that the spin gap 
closes at (Y = 1 [ 141. This is indicative of a transition to a ‘quantum-spin-liquid‘-like phase 
with a gapless spin excitation spectrum. This transition is smooth, and a possibility is to 
test this by neutron scattering. We emphasize that this is very different from a picture where 
spin-wave-like excitations are stable; at such short length scales, it is more probably the 
case that local constraints on boson occupation lead to new physics. 
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3. Nuclear magnetic resonance relaxation time T;' 

As mentioned earlier, the NMR T;' shows anomalous behaviour. Baskaran and Sardar 161 
have sought to provide a possible explanation for a by invoking the mechanism of spinon 
pair emission in a 'ZD Luttinger liquid', based on the hypothesis of spin-charge decoupling 
of the low-energy excitations. In their analysis, the two-spinon Dos is finite as the energy 
of the pair goes to zero; this provides a channel for the nuclear spin to relax even at T = 0. 

We shall show that the inclusion of local quantum fluctuations provides an altemative 
mechanism for relaxing the nuclear spin at T = 0. The Hamiltonian describing the coupling 
of the nuclear spin to the electronic spin of the Cu is [I51 

where S(0) is the electronic spin density at the nucleus. The value of A for the Cu on most 
of the CuO planes in HTSC materials is A = 180 kOe/pe. The constant a has the value 
1200 s-' for YBazCun06.5 and 1800 s-' for LazCuO4. The equation for the NMR relaxation 
time follows from the usual Fermi golden rule [16]: 

where 

(S:S,:) = (T~S:(I)S,:(O)]) exp(ior)dt (16) J 
(at cu = 0). We assume that 1161 

(T[S,+(t)s;(o)]) = (&+s;)oexp(-t/r) ( 17) 

where r = h / J  is the characteristic time scale associated with the spin fluctuations. (S,?S;)o 
is just the nh calculated in section 2. Substituting equation (17) into equation (16) and the 
result into equation (15) yields 

To evaluate this, we use equation (11) for Cbb(o)  and perform the sum at an arbitrary 
temperature following Keiter [I71 to obtain 

nb = PtYl/Q[*l 

where 
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We look separately at the limits of high and low T. 
In the low-T regime, gab >> 1, so that using the asymptotic form of the digamma 

function, we obtain 

nb 

and hence, as T -+ 0, the inverse relaxation time is given by 

1; f ( I / n ) ~ - ' ( l ~ / A a ) l / U 1  f (1/Z){m-'(p/Aa) - m-'[(fi - zJ)/Abl)n (20) 

T;' = A 2 n h / 2 h J .  (21) 

We work with a singlet ground state, so that nb = 1. and from equation (20) we have 
p = 1.J. We set J = 0.15 eV and consider the isotropic limit, so that ci = 1. Putting 
A = 180 kOe/pB, we calculate T;' = 1316 s-'. The experimental value is 1200 s-l. 
The agreement is good, considering that anisotropy and geometrical factors are completely 
neglected, and that our form of the hyperfine interaction is rather approximate. 

In the high-T regime, PA, -+ 0, so that using the asymptotic form of the digamma 
function in this regime, we obtain 

T;' = ( A 2 / 2 h J ) [ $  + f tanh(;Pp)l/Ul + f{tanh($Bfi) - mh[$B(p - zJ)111l (22) 

and so, in the regime Pp + 0, P z J  + 0, equation (22) reduces to 

T;' = (A2/UlJ)(p + 2k~T) / (zJ  + 4 k ~ T )  (23) 

consistent with the T/(u + P T )  form observed by Kitaoka et al [ 181. Thus, we observe 
good agreement with published experimental data in both the low- and the high-T regimes. 

4. Discussion 

Our aim has been to explain the extrapolated T = 0 contribution to T;'. Earlier calculations 
with the exception of [6,8] do not seem to yield a satisfactory explanation of this part. We 
have suggested that an adequate treatment of local fluctuations by employing the best single- 
site theory, the CPA, provides a possible altemative explanation. We have succeeded in 
obtaining very good agreement in both high- and low-T Limits with published experimental 
results. Our analysis here basically describes the following picture. The nuclear spin relaxes 
via the usual hyperfine coupling to the electronic spin. The fact that we have a non-zero DOS 
for the spin excitations as w --* 0 provides a channel for the nuclear spin to relax even at 
T = 0, leading to the observed T = 0 contribution. The Komnga mechanism would, on the 
other hand, arise from the spin-flip scattering of thermally excited spin excitations, yielding 
a zero contribution at T = 0. This also yields the linear-in-T 'Komnga' behaviour at finite 
T. Our results remain qualitatively unaffected as long as the ws remains gapless. We have 
checked this for the case of a bounded unperturbed DOS by replacing the Lorentzian by a 
bell-shaped DOS: 

(24) 

1 so that, in the isotropic limit, p b @ )  is finite, 
and so our results are essentially unaffected. However, for ci < tic. a spin gap opens up at 

(2/nAZ)(A2 - w*)'/~ for -A < o e A 
{ O  otherwise. 

&(of = 

The 'spin gap' now closes at ci = ciC 
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w = 0 and, for such cases, we expect a change in the Tdependence of the relaxation time. 
Our analysis also shows that the large-q contribution is appreciable; indeed, if we calculate 

we see that it has considerable large-q contributions, where long-lived spin excitations are no 
longer stable elementary excitations. Hence, if for instance we were to start from Holstein- 
Primakoff SWT, we would have to retain higher-order terms in a+a/ZS, to introduce coupling 
between various q mMes and to enforce the constraint on boson occupation for S = 4. 
Our treatment avoids the first difficulty, but we end up with the problem of treating the 
spins as fermions at the same site. and as bosons on different sites. However, as far as 
single-site correlators are concemed, we can still treat the spins as fermions, which resolves 
the difficulty. 

Our analysis would be closest to reality in lightly doped antiferromagnets, where long- 
range order has more or iess given way to a disordered antiferromagnetic state with a short 
antiferromagnetic correlation length of order 10-15 A. Recent experimental work [ 191 has 
shown that, in lightly doped 2: 1:4 compounds, the Tdependence of x(q.  w )  is solely due to 
the T-dependence of the local spin response. This does not contradict, but rather supports, 
our view that a good treatinent of the local response is required for a proper description 
of magnetic fluctuations in these materials. This lends good suppon to the point of view 
that we have adopted in this paper. The part (2) in the introduction requires a more careful 
investigation; it is observed that, at Tc < T c T', a characteristic scale slightly above T,, 
T;' shows a deviation from linearity, and just above 'fc there is no coherence peak that one 
would associate with BCS superconductors. This is most probably indicative of a changb in 
the local spin response just above T,, but more work has to be done to check this point. 
Related work is in progress. 
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